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1 Introduction

This thesis is intended to complement and extend the authors candidate
thesis, “The Hilbert transform” [Kos10]. This candidate thesis is not neces-
sarily a prerequisite, but the reader is expected to be familiar with the basic
theory of singular integral operators, as well as with complex and functional
analysis up to graduate level. The appendix at the end contains notes on
the notation and definitions used throughout the thesis.

We recall that the Hilbert transform of a sufficiently well-behaved func-
tion f on R was defined by the principal value integral

Hf(x) = %p.v. /R f(mt_t)dt.

In [Kos10] we extended the domain of the Hilbert transform to the LP-spaces
for 1 < p < 00, and in fact showed that this operator is bounded in the sense
that || f||, < ||7||p|| f]|p for some constants || 7|, whenever 1 < p < oo.
The first question we will address in this thesis is why the LP-boundedness of
the Hilbert transform is of such fundamental importance. We will do this by
considering various other singular integral operators and relating their LP-
norms to the norms of JZ by exact and approximate results. These include
the complex Riesz transform and its square, the Beurling transform. For
completeness we mention that the exact norms of the Hilbert transform on
the LP-spaces are given by

tan(g-), 1<p<2
_ D

which is a result due to Pichorides [Pic72].

Of course, a reader might wonder what kind of applications the study of
mapping properties of singular integral operators might have, and it is why
the remaining sections will focus on showing some of the ways to apply this
theory. One of the classical applications of singular integrals may be found
in the field of elliptic partial differential equations, whose solvability often
crucially depends on estimates for the operator norms of related operators.
We will mostly focus on the Beltrami equation, or more appropriately, the
LP-theory of the operators arising from it and its generalizations. We will
introduce and invert the complex and real-linear versions of these operators
under a uniform ellipticity assumption. The proofs of invertibility will be
using functional analytic methods based on, for example, the theory of the
Fredholm index. A major role in these proofs will be played by a compactness
result on commutators of Calderén-Zygmund integral operators with VM O-
functions, a result which is usually attributed to the papers of [CRW76] and
|Uch78|. After we are done inverting the basic cases, these results will be



further generalized to the setting where the range of our functions is higher-
dimensional.

The last of our sections, Section 5, also extends many of the previous
results to the setting of Clifford analysis. Unlike in the previous sections,
we do not work on the complex plane but instead on the four-dimensional
algebra of quaternions. The main focus of this section will be the generaliza-
tion of the Cauchy and Beurling transforms to the quaternionic setting and
the LP-theory of these generalized operators. As a result of these efforts we
are able to solve a quaternionic version of the basic inhomogenous Beltrami
equation in the familiar LP-space setting.

1.1 Acknowledgements

Although we claim that most of the results are original, a strong source of
guidance and inspiration has been the book of Astala, Iwaniec and Martin,
[AIMO9]. It has certainly been a pleasure extending and recreating some of
the beautiful proofs of this book.

As the author, I would like to give special thanks to my advisor, professor
Tadeusz Iwaniec, who certainly picked out fertile ground for the growth of
this thesis. It is said that the greatest of advisors are able to direct their
students to topics that they can naturally find interest in and expand upon,
and I have been fortunate to be a part of this process. I would also like to
express my deepest of gratitudes to the support that I have received from
him outside of mathematics.

During the finishing stages of the thesis I also received lots of sharp and
perceptive comments from the second reader, Istvan Prause, whose contri-
bution is also greatly appreciated.

In closing I would like to thank my colleague Jarmo Jéaskeldinen for
sharing his knowledge of the Beltrami equation during the discussions we
had, and giving useful advice on research in general. But for now, let us
proceed with the mathematics.

2 Multiplier operators

Recall that for L?-functions f the Hilbert transform satisfies a Fourier-
multiplier formula, i.e.

KT (€) = —isgn(€) f ().

This identity combined with Parseval’s theorem shows that J# is an isome-
try on L?(R, C) and hence also a bounded operator on this space. In general,
if we are given a function m in L>°(R"™), we may define the associated mul-
tiplier operator P,, on L?(R",C) by the formula

Prf(€) = m(€)f(€).



Such an operator is immediately seen to be linear, and the essential bound-
edness of m will imply that P,, is a bounded operator on L?. Often, however,
the real question one wants to ask here is if P, can be extended to a bounded
operator from LP to itself for 1 < p < oo. In general the question of char-
acterizing all multipliers m for which the associated operator is bounded on
LP(R™, C) remains unknown, although there are some conditions that have
been proven to be sufficient, such as the Mikhlin multiplier theorem ([Ste70],
page 96). The following immediate result will be of use to us later.

Theorem 2.1. Let my,mo,--- € L™ be a uniformly bounded sequence of
functions that converge to the function m pointwise almost everywhere. Then
for 1 <p < oo,

1Plly < liminf [P, [} (2.1)

Proof. Fix first p > 2, and suppose without loss of generality that the right
hand side of (2.1) is finite. By passing to a subsequence, we may assume
that || Py, ||, converges to some finite value as n — oco. Let now f € C5° be
given. We claim that

[P f = Py, fllp = O

as n — 0o. By the Hausdorff-Young inequality
[P f — P, fllp < H(m - mn)qu-

Now the uniform boundedness of the m, and dominated convergence show
that this converges to zero as n — oo. We conclude that

Hpmep = nh_{go”Pmanp < Hf||pnh_g>lo‘|Pmana

which gives (2.1). The case p < 2 is handled by a standard duality argument.
O

Some common singular integrals given by L?-multipliers include the Riesz
transforms defined as

(25 —y)f(Y) ,

no |z =yt

Rif(z) = cnp.v./ ,
where ¢, = T'((n + 1)/2)/7("*D/2 is a normalizing constant. The Riesz
transforms may be thought of as n-dimensional analogues of the Hilbert
transform, and each R; is known to be given by the multiplier —i¢;/[£].

For a large part of the thesis the setting will be the complex plane, mostly
because the planar theory is more well-behaved than its n-dimensional ana-
logues, but also for the purpose of easy visualization (see for example Figures



1 and 2). A singular integral of special interest to us will be the complex
Riesz transform defined by

Rf =R+ iR, (2.2)

where R; and Ry are the two-dimensional Riesz transforms. We may calcu-
late the multiplier of R as

&2 §1>A € ;

RI(e) = <—z‘§| LG

If we apply R twice we get an operator with multiplier ZQ /|€]2. This operator,
denoted by S, is called the Beurling transform and it may also be given by
the principal value integral

Sf(z) = —1p.v./(c(f(w)2dw.

v Z—w)

The later sections will demonstrate the fundamental importance of the Beurl-
ing transform in applications to partial differential equations, but for now
we set the applications aside. Instead we will focus on the question of LP-
boundedness of our operators. Sometimes just boundedness isn’t enough
though; one often also needs the precise values of the LP-operator norms.
For example the norms of the Riesz transforms are known to equal the norm
of the Hilbert transform, proven for example in [IM96], but the norms of
the complex Riesz transform still seem to be unknown, as is the case for
the Beurling transform. A conjecture of Tadeusz Iwaniec states that these
norms are given by

1

1, 1<p<2
ISl =4 7!

p—1, 2<p< o0

2.1 The operators T},

Still working in the plane, we now explore a certain sequence of operators
whose multipliers converge pointwise a.e. to the multiplier £/|¢| of the com-
plex Riesz transform. The main aim here is to apply Theorem 2.1 to obtain
bounds on the p-norms of R. Let us first define for each angle 6 the direc-
tional Hilbert transform by

1 g, dt

Hyf(z) = p.v./ f(z —te?)=.

T R t
The first of our operators is defined by T} = i 5. If we use the notation
go(2) = g(e*?2) for any function g, then we may write

Hyrnsaf =—1(T1(f0)) g,



which in fact shows that ||73]||, = ||T1||p, for any 6 and 1 < p < co. The
multiplier of T} is then given by the computation

@(f) = / / Tlf(gp,y)ei(&l’-&-&y)dxdy

—/ elerw (/ Tlf(x,y)ei&ydy) dx

= [ s ([ sy o = s f(6),

—00

which leads us to define the multiplier m;(§) = sgn(&2). As the Fourier
transform obeys the formula

— ~

(fo) = (o

for any angle 8, we have as a corollary of the above calculation that

Ao J(€) = —imy (i 0¢) (2.3)

Turning now to the question of LP-boundedness, it naturally happens that
the p-norms of 77 and % agree, which is proven in [IM96] for example. This
also shows that the p-norms of the directional Hilbert transforms and ¢ are
the same, which will turn out to be of value soon.

Let now k be a given positive integer. We denote by ¢ = e™/* the 2k:th
root of unity. Let us also define the angles 0; = n(j + 1)/k — /2 for
j=0,1,...,k — 1. Then we define the operator T} by

k-1
Ty f =iCx Z e A, f, (2.4)

J=0

where C}, is a constant given by Cy = (1 — €~ 1)/2, so that |Cy| = sin(r/2k).
The multiplier my, of T, is given by (2.3)

N
—_
S

1
mi(§) = iCr Y eI (~i)mi(ie™€) = Cp Yy e Im (7071,

<
I

o
<
I

o

but there is a simpler form available. Note that the function e Jmy(e¥771¢)
attains the value €7 in the half-plane where Im(¢*=7=1¢) > 0 and —e 7 in the
opposite half-plane. The boundary of these half-planes is the line spanned by
e/t1=F_ Collecting these lines for each j, we obtain k lines passing through
the origin that divide the complex plane into 2k sectors of equal angles,
which we denote by Sy, S1, ..., Sox—1 starting from the positive x-axis and
counting in the positive direction. By a geometric consideration (see Figure



1 below) one verifies that the value of my, in the sector S; is the constant
given by

kot -1 i1 -1 _-Ej—k—l E_j—l
mk(&)zcsz _Csz = Cy (6 ]6_1_1 _6_1—1>

I=j 1=0

—k _i —
1 92¢J ¢ .
— T :(Jkl_ef1 _

Figure 1: TIllustration of the case k =4.

Thus if we express ¢ in polar coordinates, ¢ = re? with 0 < 6 < 27, then
the value of my at £ is e~™/k  where [ is the unique integer such that
l/k <60 < (I+1)/k. This shows that the functions my(§) indeed converge
to £/|€| pointwise almost everywhere as k — oo.

2.2 Upper bounds

We now seek upper estimates for the p-norms of the operators Ty,. We denote
the p-norm of an operator T restricted to real-valued functions by ||T[. We
first concern ourselves with the operator 715, which may be written as

11—

T, —
2 2

(A6 — it )a) -

Let p > 2, and a real-valued function f in LP be given. The following
estimate is imminent

Ao f)? + (A )22

1 )
HTQfHP = EH%JC - l%r/2f‘|p = p/2

1
< —
_\/i

1
V2

This enables us to recover the estimate HT2||;1§ < ||| (extend to 1 < p < 2
by duality). In fact, we later show that this bound is optimal. But let us

1
ol
(1B L) g2 + 1o f)?Uly2)

1/2
(1A £112+ 1) F112) 2 < 1111l £11-



first concern ourselves with how this may be used to recover estimates for
the other operators T}.

Let k£ € Zy be even, and € be the 2k:th root of unity, so ek/2 = . Note
that for even k we may write equation (2.4) in the form

k/2—1

Ty =iCr Y €7( Ay, —iHy inp)-
=0

Now each of the operators #p, — i#p. | /o may be viewed as a rotation of
the operator % — i} /2, and thus we find the estimate

k/2—1
. . (TN k
Tl <1kl Y2 W1t — it < sin (5 ) 5V2IA e
§=0

As k — 0o, the utmost right hand side converges to m/(2v/2)||5#||,, from
which we find the following estimate by Theorem 2.1

s

IRl < N (2.5)
Another more straightforward estimate is
k-1
ITelly < 1Cul Y 110,11y < sin (57 ) K11y < Z11115
=0
from which we get
1RIly < 1111 (2:6)

These bounds for ||R||, are of course not optimal, as R is an isometry on L?
for example. But especially (2.5) is close, since we will soon find the lower
bound |[R|[§ > |||, and w/(2v2) ~ 1.11072. Note that (2.6) also implies
the boundedness of the Beurling transform, as in fact we get the estimate

2
s
181l < 12115 (2.7)

Remark 2.1. Note that the bounds for the p-norms of the operator § in
(2.7) are also far from optimal. Plugging the exact values of the norms |||,
as given by (1.1) shows that the right hand side of (2.7) is asymptotically
equivalent to p? for large p, while the conjectured bounds (and the best
known bounds, [BJ08]) are linear in p.



2.3 Lower bounds

We now try to find some lower bounds in a more general setting. Let T be
any singular integral given by convolution against the kernel

Ka(s) — 21D

El.

where € is some odd integrable function on the unit circle. The main aim of
this subsection is to provide a certain nontrivial lower bound for the operator
norms ||Tql[,. Note that choosing Q(z) = =%z gives the complex Riesz
transform, which we recall was defined by 2.2. The well-known method of
rotations gives us the integral representation

. 2m
To(f)(z) =5 | Q) A(f)()a0. (2.8)
To obtain our lower bound we would like to set some of the J4f to be
equal. An educated guess leads us to investigate functions f of the form
f(z,y) = g(x +y), where g is smooth and compactly supported on the real
line. For every —7m/4 < 0 < 3w /4 we have that cos(6) + sin(f) > 0 and thus
we find the identity

oo

Hif(w.) =+ [ glaty = (cos(0) +sin0)0) ] = Hg(a+ ).

—00

We note that the right hand side indeed does not depend on §. The problem
here is however that such a function f is almost never integrable, which
prompts us to use a limiting argument. The following theorem will be our
aim.

Theorem 2.2. Let Q) be an odd integrable function on the unit circle. Then

| Tall, = =

/ Q(ei%de' 11l

where C' C 0B(0,1) is any semicircle.

Proof. Let g be as before, and choose k > 0 such that supp(g) C (—k, k).
Also define for large enough R > 0 the strip

Sr={(z,y) €R*: |z —y| < R}

and the associated rectangle contained in Sg

: 1
NR:{(x,y)ERQ:\x—y\<R—R§7‘x+y’<§Ri_k}_



7
AN

Ng

Figure 2: The strip Sr and the rectangle Ng.

To give some idea why we have chosen sets of this type, let h(z,y) = h(z+y)
be a function in R?, where h is integrable on R. A change of variables shows

that R
o 1 _ 5
| sty = [ [ Jiopdeds = By,
SR —RJ—
and
R—R3/4 1R1/4 k 1
/ WP dady = / / h()Pdtds = (R — RY)||[xzhlP,
Ngr R+ R3/4 R1/4+k

where Xp is the characteristic function of the interval (—%Ri +k, %Ri —k).
Nevertheless, both of these are asymptotically the same, i.e.
X h b X
lim H SR(x’y) (‘rvy)Hp — lim H NR(x y) z y)”p _ Hth (2_9)
R—o0 R R—o0 R

Denote as before f(z,y) = g(z + y). Let us make the following claim.
Claim. For every 6 in the interval —7/4 < 6 < 37/4 if R is chosen large
enough, specifically R'/2 > |cos@ + sinf|~!, the directional Hilbert trans-
form Jj of Xg, f agrees with J#g(z + y) for (z,y) € Ng.

Proof of claim. Write first that

H(Xsp f)(2,y)
dt
/XSR (x —tcosb,y —tsinf)g(z +y— (cos&—i—sin@)t)?

/X B cos 0 . sin 0 (= + —s)ﬁ
R Sr “cosO+sin0? " “cos+sing)? Y s

10

=H'—'=H'—‘
=



To check that this agrees with J#g(x + y), it is sufficient to check that in
the last integral Xg, does not vanish unless g vanishes. Let us thus assume
that g(x +y — s) does not vanish for some s. Along with the assumption
(z,y) € Nr we get the inequalities

: 1
e +y—s| <k, |e—yl<R-Ri, |z+y|< iRﬁ — K,
and we are required to prove that
[(z —sa) — (y — sb)| < R,

where a = cos@/(cosf + sinf) and b = sinf/(cos + sinfd). This follows
from the estimate

z—y—s(a=b)|=|z—y+(z+y—s)(a—0b)—(z+y)(a—D)
gR—Rh(M%R%—kﬂa—b\

=R+ Ri ('a_b —R§>,

2
where the last term is negative since

la —b|
=

cosf —siné
2(cos @ +sin0)

‘ < |cosf +sinf| ™t < R%,

where we have used the assumption that R was sufficiently large.
This concludes the proof of our claim, and we return to the proof of the
main theorem. Let us denote by Tq  the operator given by

3m/4—e ]
To.ch = —m'/ Q). (h)(2)d6.

)

—7/4+€
Note that (2.8) implies that
(T —Ta,)h
—m/Ate ‘ 3m/4 )
—mi( [ aEnmm e [ o) An) )
—7/4 3m/4—e

and from this we see that the operator norm of Ty — T goes to zero as
€ — 0. Now for each € > 0 the expression |cosf + sin@|~! is bounded on
(=m/4+¢€,3m/4 —€), and thus for R large enough we have, by the previous
claim, that

3m/4—e

To(xspf)(@,y) = —mi /_ 1 QAo+ )8

3m/4—e )
= (—m' / Q(M)d@) Hg(x +y)

—7/4+€

11



for all (z,y) € Ngr. Denote Cq, = —mi ff’:;i; Q(e'?)dh. Now we may
estimate

1T0.c(Xspf) (@, 1)1l

p
ol = = 7l
X Ng (@, 9) T (Xsp ), y)lp
- Rl|gllp
_ ’CQ,e|p||XNR($7y)%g(x + y)”ﬁ
Rl|gllp '

Taking the limit as R — oo, we find by (2.9) that

[CaclPll#gllp

[T
gllp

p
pZ

Taking the supremum over all g in C§° yields

Taelly = [Coel |21,
and finally letting € go to zero shows that
| Tallp = |Calll 2], (2.10)
where
3mr/4 )
|Ca| =7 / Q(e)db)| . (2.11)
—7/4

Note that if we replace the function Q(z) by Q(ez) for some angle ¢, we
get an operator of same norm but in this case

3w /4+¢ .
/ Q(e)do
—7/4+¢

9

|Ca,l=m

which shows that the domain of integration in (2.11) may be replaced by
any semicircle. O

For Tq equal to the complex Riesz transform we have that

3n/4

/ e~ 040
—7/4

Since the Hilbert transform attains its maximum norm over a real-valued

function, g (and hence f) may be taken to be real-valued above. We have
thus proven our earlier claim that

1
|Cal = -

=1
2

IRl = 111y (2.12)

12



Notice that if Q is nonnegative on any semicircle, the inequality (2.10) be-
comes an equality as we also have the upper estimate

|

ol < 22 [ je)ao,
0

where we have used Minkowski’s integral inequality. Especially the norms of

the planar Riesz transforms may be computed as

w/2

1
Bally =l [ - costds = |11

—m/2

and similarly [|Ra||, = |||,

We may now also prove our claimed equality [|To|[} = [|.7]|,. Let us again
consider f(z,y) = g(z+y), where g is compactly supported and real-valued
as before. We have for large R and (x,y) € Ng that To(Spf)(z,y) =
—17€g(x +y), and thus

T p

(HTQHE)” > | 2(>‘<|i2£}(|xéy)\p
> XN (@ y)Te(Xsp ) (2, 9)| b

- Rl[g]lp

_ lwale, ) # gl + y)l
Rllgll;

Letting R — oo and taking the supremum over real-valued ¢ shows that
|| T 2”5 > ||#]|p, and since we proved the reverse inequality earlier this
shows indeed that [[T2]|} = |||,

2.4 A curious identity

We have also found an interesting class of identities for each of our operators
Ty.. Fix thus k and let € denote the 2kth root of unity as usual. Recall the
decomposition of the complex plane into sectors Sy, S1, ..., Sor—_1 such that
the multiplier my, of T}, is the constant e~/ in each sector S;. Let us now
decompose L?(R?) into 2k subspaces given by

LP={fel*: f(§ =0 forall £ €C\ S;}.

Evidently each LJZ is a subspace of L?, and they are pairwise orthogonal as
the Fourier transform preserves the inner product in L?. We claim that these
spaces are also closed under multiplication, i.e. each one forms an algebra.
For this choose any f and g in L?. Note that

—

Fo)(E) = (F+9)(€) = /C F(2)g€ - 2)d=.

13



The trick now is to notice that the sectors S; are convex and closed under
homothety with respect to the origin, and thus we have the set equality

Sj—i-Sj:{Sl—i-SQ:Sl,SQESj}ZSj

for each j. So if we are given £ € C\ S; and z € C, it follows that one of z
and £ — z must also lie in C\ S}, as their sum is {&. Thus for £ € C\ S; we
have that

(Fa)(©) = [ flate === [0.d= =0,
which proves that fg € L? as wanted.

Since the subspaces L? are pairwise orthogonal and span L?, any function
f € L? may be decomposed as

2k—1

F=> 1
j=0

where each f; lies in L?. Now notice that the operator T} acts on L? simply
by multiplying a given function with ¢~7. It follows that

2k—1 2k—1
Tof =Y Tufj=> ¢ f
=0 j=0
Iterating this, we obtain
2k—1

F=> 1
=0

2k—1

Tif=> €7f
7=0
2k—1
Tif= €¥f
=0
2k—1

T}fk:—1f _ Z e’(%’l)jfj.
j=0

Now we may express each f; in terms of T} and f by the identity

2k—1 2k—1 2k—1 2k—1

jll il —1 I(j—
D S S
1=0 1,m=0 m=0 1=0

14



where we have used the property of the 2kth root of unity that

25‘:1 m | 2Kk, if 2Kk|n
i “ 79 0, otherwise

We now do one last technical computation before the main identity. Fix any
nonnegative integers m and N, and assume that the Nth power of each f;
is also in L?. Since each LJZ is an algebra, we may compute that

2k—1 2k—1
CRNTE [ Y =T | DD k)Y
Jj=0 Jj=0
2k—1
= > TPekf)Y
7=0
2k—1
= e_Jm(Qkfj)N
7=0
2k—1 N
= e~Im (Z 6leIif>
§=0 l
2k—1
=D I 3 ) (T )
7=0 115yt N
2k—1
= Z (lelf) e (leNf) Z eI ((it--in)—m)
i1yesiN =0

=2 D (TR (),
i1+ FiN=m
where the last summation runs over all ordered sequences (iy,...,iyx) of
integers in [0,2k — 1] for which i1 +--- 4+ iy = m (mod 2k). Plugging in
m = 0 we obtain

2k—1
@RNVY N =2k >0 (TR (T ).
j=0 i14-Hin=0
Plugging this back into the previous calculation we arrive at our identity
nel > @O M) = Y (TN (T (213)
i14Fin=0 i14tin=m

A simple way to think of this equation is to introduce a dummy variable X
for which X2* = 1. We say that a formal sum of functions

2k—1

> hx
=0

15



is a Ty -sum, if F; = TliFo for each [. Then (2.13) says that any power
of a Ty -sum is again a Tj-sum. It is also possible to generalize the above
argument to show that products of T} -sums are again T} -sums, i.e. that the
identity

el Y @)@y = Y (@) (@ )

i1+-+in=0 t1+-FiN=m

holds for any N sufficiently well-behaved functions f®), ..., f®™). The equa-
tion (2.13) contains quite a lot of identities in it. For example, setting
k=m = N =1 we obtain

Ty(f? + (T1f)?) = 2fT1 f,

which, in accordance with the definition 77 = .77 /o, is equivalent to a well-
known identity for the Hilbert transform,

PPH(Hf) =2(fF).

In fact, a classical proof of the boundedness of J# on the LP-spaces relies
on this identity to find (from the L%-boundedness of ) a bound on |||,
for each p of the form p = 2", n a positive integer. The p-norm estimates
obtained in this way turn out to be optimal for p = 2" see (1.1) for these
exact norms. Unfortunately for us, the rest of our identities do not seem to
provide any bounds on the p-norms of the higher order operators Ty, k > 2.

3 Fredholm theory

In this short section we recall some results on the Fredholm index from func-
tional analysis. The results we need are not too difficult and thus they are
stated without proof. A more curious reader is referred to the book on func-
tional analysis by John B. Conway, [Con90|, where the facts are proven for
Hilbert spaces in a way not too difficult to generalize to our setting.

We assume throughout the section that X and Y are Banach spaces. Let
B(X,Y) denote the space of bounded operators between X and Y, where
we always assume that an operator is linear (with respect to the given scalar
field). Recall that a subset of a topological space is said to be relatively com-
pact if its closure is compact. We then define that an operator T : X — Y
is compact if it maps the unit ball (or equivalently every bounded set) in X
to a relatively compact set in Y. One of the immediate results is that the
compact operators form a closed ideal in the algebra B(X,Y).

A bounded operator A : X — Y is called left semi-Fredholm if there exists
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a bounded operator B and a compact operator K such that BA =1+ K,
where 1 denotes the identity operator. Right semi-Fredholm operators are
defined analogously, and Fredholm operators are those which are both left
and right semi-Fredholm. We let F(X,Y) C B(X,Y) denote the space of
Fredholm operators from X to Y. There is an alternate characterization of
Fredholm operators: They are those bounded operators whose kernel and
cokernel are both finite-dimensional. Thus for a Fredholm operator T we
may define the Fredholm index by

ind7T = dimkerT — dim coker T

The main result we will need is the following continuity property.

Theorem 3.1. The map T — indT is a continuous map from the space
F(X,Y) of Fredholm operators to the integers Z equipped with the discrete
topology, i.e. it is constant in each component of F(X,Y).

4 The Beltrami equation

Let us define for a C'-function f : C — C the Cauchy-Riemann complex
derivatives f, and fz by

fo=g(e=ify) and fr=o(ftify)

The naming stems from the fact that the equation fz = 0 is equivalent with
the Cauchy-Riemann equations for holomorphic functions.

In complex function theory we are often concerned about mapping proper-
ties of given or unknown functions. One of these properties is the notion of
quasiconformality, which in a nutshell means that our function f maps small
circles to ellipses with a uniform bound on the ratio between the longer and
shorter axes. As our mapping is of C'-class this condition may be written
as the distortion inequality

max|,—1 | D f(2)]
min,—; |Df(2)v]

< K < oo, (4.1)

where K is not dependant on the chosen point z. In terms of complex deriva-
tives one sees that max|,—; |Df(2)v| = [f.(2)|+]fz(2)]| and min|,—; | D f(2)v] =
[|f2(2)] — |fz(2)||. Assuming further that our mapping f is orientation-
preserving leads to Jy(z) = det Df(z) = |f|> — |fz|*> > 0, and hence the
inequality (4.1) takes the form

[f2(2)] + [ f2(2)

()] K1
) — 1) :

[f:(z)] — K +1

:§K<oo or < 1.
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We may now define more generally that a homeomorphism f : Q — Q' be-
tween planar domains is quasiconformal if it has distributional partial deriva-
tives locally in L? and its complex derivatives satisfy the almost everywhere
bound

|fz| < Kf

for some k < 1. This condition is equivalent with f solving the so-called
Beltrami equation

fz=unfs, (4.2)

where u, called the complex dilatation of f, is some measurable function that
satisfies the condition ||u(z)||oc < 1. This geometrically pleasing description
of the Beltrami equation should be enough to motivate the attention we will
give it in the future. But it should also be mentioned that the study of this
equation is of fundamental importance in quasiconformal geometry. For an
introduction to the subject see the classical book by Ahlfors, [Ahl66]. We
will instead constrain ourselves to the inhomogenous equation

fE_,U'fz :h7

whose solvability question we will address using theory that should be famil-
iar to the reader by now. Indeed, as with differential equations in general,
this question will be reduced to the invertibility of a certain operator. In
this case the operator will involve a singular integral we have already met
before, the Beurling transform.

Let us thus begin a more rigorous study of the Beurling transform, which we
define originally only for functions in Cj® via the principal value integral
1
Sf(z) = —=lim f(iw)de'

T e0 |z—w|>e€ (Z - w)

Our first concern is to check that this coincides with the Fourier multiplier
definition given before in Section 2. For f € Cj°® we may use Green’s formula
to compute that

1 fz(w)
SO ™
= lim ) du

27 =0 OB(z,c) (2 — w)
g 2 / S
2m 50 02 Jop(ze) 2 — W

where we have disregarded the fact that the domains C \ B(z,¢) are un-
bounded since f vanishes at a neighbourhood of infinity. Another application
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of Green’s formula shows that

A 8/ F@) 0o i 2 £(2) + 1/ folw)
2 e—0 0z OB(z,¢) Z — W e—0 0z T JB(ze) # — W

1., fEZ(Z+w>dw

and hence Sfz = f,.
In view of the identities (/f\z)(@ = m’EA(g) and (/f\g)(f) = m{f(f) we have

just proven that
=2

£~ £

ffz(f) |€|2fz(§)

as expected. It is also not a problem that we have only verified this multiplier
identity for functions of the form fz, where f € C§°. Indeed, if g lies in the
L%-orthogonal complement of {fz: f € C§°}, then [ fzg =0 for all f € C5°,
and hence g satisfies the equation gz = 0 in the weak sense. But then Weyl’s
lemma implies that g is holomorphic. The only holomorphic function in L?
is the constant zero, which implies that g = 0 and hence that {fz: f € C§°}
is dense in L?. Thus we find that

Sfz =

2

S 3

3?0(5) = @9

for all g € C§°.

It now immediately follows that S is an L2-isometry on C§° and thus may
be uniquely extended to an isometry on the whole L?. As we have proven
before, § may also be extended to be bounded on L? for 1 < p < oo. The

multiplier of S is even, which further implies the identity S~'f = Sf and
the fact that S is symmetric, i.e.

/ SF(2)g(z)dz = / £(2)S4(2) (4.3)
C C

for f,g € C3°. By continuity we may extend this identity to f € LP and
g € L1, where p and ¢ are Holder conjugates.

Let us now assume that f is locally integrable and that it has distributional
partial derivatives in L”. Now for any g € C°,

/sz /fzSQ— /f(%‘g— /fgz—/fzg

Note that the second equality does not immediately follow from the definition
of distributional derivatives, as Sg may lack compact support and thus might
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not be a valid test function. To justify this equality one should approximate
Sg with a suitable sequence of C§°-functions, but we will trust the reader to
fill in the details.

The previous computation now shows that the identity

Sfz= [ (4.4)

also holds when the complex derivatives are taken in the distributional sense
with the same assumptions as above on f.

Theorem 4.1. Let us define the maximal Beurling transform S, by

1 @
™ /|z—w|>e (Z - w)2d

Then Sy : LP — LP is a bounded map.

S*f(l‘) = sup
e>0

. (4.5)

Proof. There is a surprisingly simple proof available, found not too long ago
by Mateu and Verdera in [MV06]|. First we need to calculate the Beurling
transform of a particular function, namely the characteristic function of a
disc B(a,r). In view of (4.4) it suffices to find a nice enough function g such
that gz = Xp(a,). It 1s not hard to come up with

[ z—a, z€ B(a,r)
o) ={ Tl

which we may then use to calculate that

T2

SXBlayr) =9z = — 2 Xc\B(a,r)-

(z—a

This and (4.3) let us produce the remarkable identity

1 f(w) 1 _ 1
x / G- = e /CS(XBWf = B0 /Bw) 81,

from which it is immediately clear that
Sif(z) S MSf(2),

where M denotes the Hardy-Littlewood maximal function, which is known
to be bounded on L? for 1 < p < co. Thus the boundedness of S, follows
from the already proven boundedness of S. 0

Theorem 4.2. Let € C3°. Then the operator (i1, S| = pnS — S is compact
from LP to itself, where 1 < p < 0.
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Proof. We first refer to the Kolmogorov-Riesz (or Frechet-Kolmogorov) the-
orem, which characterizes relative compactness in LP-spaces. A set F is
relatively compact in LP(R™) if and only if the following three properties are
fulfilled

1. F is bounded in LP(R"™).

2. For every € > 0 there exists R > 0 so that for all f € F

</ |f(x)|pda:>p <e.
|z|>R

3. For every ¢ > 0 there exists 6 > 0 so that for all f € F and h € R"
with |h| < §:

([ 1an - f(sc)V’da:)’l’ <e

Our set of interest is of course the image of the unit ball in L? under the
operator [u,S]. To prove these three properties for this set we follow a
framework laid out by A. Uchiyama in [Uch78|. Let us first choose positive
constants R, K and L such that |u(2)] < KXp(o,r) and |u(z +h) — p(2)| <
L|h| for all z,h € C. We notice that the first condition readily follows from
the boundedness of S, and for the second one it suffices to estimate that for
|z| > 2R:

S = £ [P pyas

s (z —w)

1 W) e N
‘w‘/w EEmE
K

S T - RP /|w.<R £ () e
< G|l

The proof of the third condition is a little more involved. Let ¢ > 0, and
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notice first the identity

[, S1f (2 + h) = [, SIS (2)
= jrp.v./ﬂ(z)_u(gw)f(w)dw

(z —w)

1 z+h) — plw
- 7Tp.v./ 'u((zt— h)—:f)g )f(w)dw

__1! ezt h) —pz) .
B /zw|>6—1h f( )d

T (z —w)?

1

_ W/zw|>6—1h (1(w) = p(z + 1)) <(z e (Z+h_w>2> fw)dw
1 v M W)dw

+—p. ./Zw|<€_1h| G w)? fw)d

(
| ulz 4 1) = p(w)
a ;p-“ /zw|<6_1h| (z+h—w)? flw)d.

Now the first term is bounded by
L|h|S.f (),
whose LP norm goes to zero at a rate independent of f due to Theorem 4.1.

The second term is dominated by

Calhl |2 — w7 f(w)ldw.

|z—w|>e~1|h|

We may estimate the LP-norm of this expression with Minkowski’s integral

inequality:
N
ol (/ (/ \w|3]f(z+w)\dw> dz)
c \Jjw|>e-1n|

1
< Gl ] ( / rf<z+w>\pdz)pdw
|w|>e~1|h| C

—Cltlilly [ el
|w[>e~1|h|
= Cse|fl[p-
In the same vein we first bound the third term by

L _
L e,
T J)z—w|<e=1]h|
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and do essentially the same integration to obtain a bound of
-1
Cae™ R[]I £1lp-

This technique also applies to the fourth term after changing the domain
of integration a little. Indeed, after the initial estimate of passing absolute
values inside the integral we may enlarge the domain of integration to the
set {w:|z+h—w| < (1+eHh|} and thus obtain the bound of

Ca(1+ € )Rl fllp-

Taking |h| small enough we finally find that

[ S1f (2 + 1) = [, S1F(2)[lp < Csel| £

from which we may conclude that the third condition holds, so [u,S] is
compact. O

This theorem also has several extensions. One might for example want to
replace § with other operators. The case of a general Calderén-Zygmund
operator is handled in [Uch78]. Another operator we will need this result
for is S~1, for which it easily follows from the identity S™'f = Sf and the
fact that f — f is an isometric homeomorphism of LP for any p. Another
way to generalize is to get rid of some of the assumptions on p by a density
argument. The right space to consider happens to be BMO, the space of
functions of bounded mean oscillation, i.e. of bounded BM O-norm

1
lillesio =swp o [ ol
5 101 )

where the supremum is taken over all discs D C C and up = 1/|D| [, p.
Usually we also quotient out by constant functions, so that BMO will be-
come a Banach space. The following theorem is due to Coifman, Rochberg
and Weiss, [CRW76].

Theorem 4.3. Let p € BMO. Then [S, u| is bounded on LP for 1 < p < 0o
with
IS, ullly < ApllpllBaro,
where Ay, only depends on p.
Let VMO denote the completion of the space Cy° under the BM O-norm.

Then given p € VMO we may choose a sequence (p,) C C§° converging to
win BMO. The preceding theorem shows that

H[Snu] - [Smunmp = H[Saﬂ_/inmp < APHN — pinl|BMO-

It follows that [S, pun] — [S, p] in LP as n — oo. Since the compact operators
form a closed subspace, we conclude that [S, p] is compact. This holds in
particular when g is continuous and vanishes at infinity.
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4.1 Solving the equations

Let us now show the fruits of the preceding computations. Consider again
the differential equation fz — puf, = h. We use the method presented in
[AIMO9] to show the existence and uniqueness of a solution in some sense,
utilizing both the previous theorem and the results on the Fredholm index.
We assume that ||p||.c < 1 with the additional condition that u € Cp. Re-
call that the condition ||u||lcc < 1 was imposed because of the relation to
quasiconformal mappings. This condition is also related to the notion of
ellipticity for partial differential operators which we explore more precisely
later. The differential operator 9z — 0, happens to be (uniformly) elliptic
exactly when we have the almost everywhere bound |u| < k < 1 or (by sym-
metry) |u| >k > 1.

We will look for solutions in the LP-setting, so we take h to be in LP for
some p, assuming p > 2 for the moment. Let us denote fz = w, so that
f may be reconstructed up to an analytic function if we know w. Using
identity (4.4) the associated equation for w becomes w — uSw = h, where we
recall the Beurling transform S. We shall look for solutions in LP so that
the question reduces to the invertibility of the operator 1 — uS. The usual
method of Neumann series seems inviting, but there is no guarantee that
||uS|l, < 1. Instead we will settle for the partial sums P, = Y }_o(uS)*
of the Neumann series for uS. These partial sums should at least be good
approximations to an inverse of 1 — uS. Indeed,

Po1(1—=pS)=1-pS)Pro1=1—(uS)"=1-p"S"+ K,

where K can be written as a finite sum of products containing the commu-
tator [u,S], and thus is compact by a combination of Theorem 4.2 and the
fact that the set of compact operators is an ideal. We deduce that 1 — uS is
a Fredholm operator if 1 — pS™ is invertible for some n. For the invertibility
we again apply the Neumann series, so that it is enough to prove that

U™ ], — 0 as n — oo. (4.6)

The estimate |[u"S"|[, < ||p]|%][S™||p is imminent, but there is no obvi-
ous way to see that the norms of S grow slower than exponentially. This
is, however, an immediate consequence of the following theorem stated as
Corollary 4.5.1 in [AIMO09].

Theorem 4.4. Let 1 < p < oo. Then for any n € Z the nth iterate of the
complex Riesz transform satisfies:

IR [lp < Cp(1 +n?),

where C), only depends on p.
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But we also remark that there is another relatively simple proof of (4.6) us-
ing the spectral radius theorem as soon as the spectral radius of S is known
to equal one.

Thus 1 — uS is shown to be Fredholm, hence invertibility becomes equiv-
alent to the fact that both the kernel and the Fredholm index are zero. To
compute the index we refer to Theorem 3.1, i.e. the continuity of the Fred-
holm index. For 0 <t < 1 we may replace u by tu above to find that the
operator 1 —tuS is Fredholm. This gives a continuous path between 1 — uS
and the identity operator, which shows that the index is indeed zero.

To prove that the kernel is trivial we first note that if p > 2 and w is a
solution in LP to the equation

w = pSw,

then w has compact support since x does. Thus w is also in L?. But S is an
isometry in L? so we obtain

[lwllz = [[nSwllz < {lplloo]|w]]2-

Since ||u||loo < 1 we must have ||w||2 = 0, so that w = 0 a.e. and we are done.

We now know that 1 — uS is invertible on LP whenever p > 2. Note that
then also
1-Spu=8(1-uS)st

is invertible on LP since S is.

There is no reason why we should restrict ourselves to the case p > 2. Let
therefore 1 < ¢ < 2 and denote by p its Holder conjugate. We use a type
of duality argument, which will of course be based on the Riesz representa-
tion theorem (Theorem 6.16 in [Rud66]|) which says that LP and L9 are dual
spaces of each other. To solve the equation

(1—=uS)w=nhn
in LY it is enough to find w such that

holds for every f € LP, where we have denoted by (fi, f2) = [ fif2 the
duality pairing. Consider the continuous linear functional on LP given by

Frr {1 =S~ f.h).
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As we have seen, 1 — Sy is invertible on LP so by the open mapping theo-
rem the inverse is bounded. Hélder’s inequality now shows that this linear
functional is also continuous, so there exists some w € L? so that

((1=Su)~ ' f,h) = (f,w) (4.8)

holds for all f € LP. Let us check that w satisfies (4.7). Using the symmetry
properties of S and the identity (4.8), we see that

<f7 (1 - :U’S)w> = <faw> - <Mf78w>
= (f,w) = (Spf,w)

(
(1~ Sp)

= (1= 8" (1~ Sp)f.h)
(

as wanted. We conclude that 1 — uS is also invertible on LY. Let us sum-
marize the previous results in the form of the following theorem.

Theorem 4.5. Let u be a Cy-function satisfying the uniform bound |u| <
k < 1 and h be a given function in LP for some 1 < p < oco. Then the
equation

fz=nf-+h

admits a solution f with fz € LP that is unique up to an additive constant.

To avoid confusion about originality we stress that this theorem and its proof
as presented above are taken from the book [AIM09]. However, for us this
result acts as a stepping stone to its generalizations, and as far as our knowl-
edge is concerned, the results that follow are our own.

We will now consider the more general Beltrami equation given as
fe—pf:—vf.=h,

where p and v are in Cy with the uniform bound |u(2)|+|v(z)| < k < 1. The
reason for this form is that it captures the general quasilinear equation fz =
H(z, f.), where H is real linear in the second component. The expression
|u(z)] + |v(z)| also happens to be the norm of the linear transformation
€ H(2,8) = u(2)¢ + v(2)€, which is easy to verify.

We assume again h € LP for 1 < p < co. The same substitution w = fz
reduces this to the invertibility of 1 — uS — S, where S denotes the operator
given by Sf = Sf. We prove the following theorem.

Theorem 4.6. Let p and v be as before and 1 < p < oo. Then the (R-
linear) operator 1 — uS — vS is invertible on LP, and hence for each h € LP
the equation

fE_Mfz_Vﬁ:h

admits a solution f with fz € LP that is unique up to an additive constant.
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It should be remarked that later we will prove an analogue of this theorem
in a higher dimensional setting. The proof will actually be shorter but the
assumption |u|+ |v| < k < 1 will have to be tightened to ||u||so + ||¥||co < 1.

Proof. Let us begin with the case p > 2. Note that S fails to be a C-linear
operator since it is conjugate-linear instead of linear (i.e. Saf = aSf for
scalars ). This motivates us to look for a right inverse to 1 — uS — vS in
the form

h — Th + Rh,

where T and R are unknown operators on LP. This is equivalent with

(1 —uS —vS)(Th+ Rh) =h
& (1 - puS)Th+ (1 — pS)Rh — vSTh — vSRh = h.

The linear and conjugate-linear terms should be treated seperately so that
we get the system of equations

(1 —uS)Rh —vSTh =0
(1-uS)Th—vSRh =h

From the first equation we find that Rh = (1 — uS) 'vSTh and plugging
this in the second one gives

(1 —uS —vS(1 — uS) 'wS)Th = h,

so that the existence of T and R is reduced to the LP-invertibility of the
operator B B
M=1—puS—vS(1—uS) 'vS.

Now due to the identities
Sf=8"F and (1—pS)f=01-pS"H"'f
we may calculate the conjugates to get
M=1-uS—-vS 1 -us ) 1ws.
Let us prove that M is Fredholm. First of all since
M=1-uS—v(l-8n)v+vSs 1 -us 1S, 7
we might as well ask if
My=1-pS—v(l-S'a)'w
is Fredholm. We start by proving that M5 is right semi-Fredholm. Let

Ms=My(1-810)=1—uS —S i+ pupi —vv + Ky,

27



where K1 = v(1 —S™11) "1 — S~'7, 7] is compact. If now 7 = 1+ ufi — vo
then
7l = 1=l = P = 1=k >0

holds everywhere and hence 1/7 is well-defined and continuous. We now
show that ) )

My = (Mg — Kl); =1- (,LLS —|—S_1ﬁ);
is Fredholm by a same type of Neumann series argument as for the invert-
ibility of 1 — uS. Fix thus n sufficiently large, and we are to show that the
operator

1-— <(Su - usl)i>n

is invertible. Note that commutators of S and S~! with y, and 7 are compact
by Theorem 4.2. The commutators with 1/7 are also compact as 1/7 — 1 is
in Cy. Consequently we may write

1 n
<(8M +M3_1>7_) = M5 + Ko,

where K5 is compact and M5 contains the terms after the binomial expansion
rearranged into the form
1
7_771’umﬁn—msN7
where |[N| < n. There are 2" of these terms and by Theorem 4.4 we may
dominate the norm of each term by

(/7)™ SN < |5 7 |oo Cp(14+4N?) < |||l /7] |2 Cp(144n2).
This leads to the estimate
|| Ms][p, < Cp(1 + 4n2)2" |||l /7|2

It remains to show that 2||||/7|| < 1 so that this will decay to zero. But

2lp| 2|l
T 1 |p2 =y
2|l
Tl p = (k= u)?
_ 2|l
1— k2 4 2k|p)
_ 2%
=14 k2
<1
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since |p| + |v| < k < 1. This shows that M; is right semi-Fredholm. The
fact that it is left semi-Fredholm is analogous. Indeed, note that

M= (1-8"m)My=1—puS =S i+ |u* = |v]* + Ks,

where K3 = [v,1 - 1S (1 - S H 1w+ S~ up, S] is again compact. Now
note that

1 1
—(Mg — Kz) = 1= —(uS +S'75) = My + [(Sp+ S ), 1/7].

But M, was already shown to be Fredholm, so we conclude that Mg and
thus Mo is left semi-Fredholm. We have finally proven that M is Fredholm.
It is again legitimate to replace p and v by tu and tv for 0 <t < 1, which
gives a continuous path between M and the identity, so that M has index
zero. It remains to prove that the kernel of M is trivial. Let us recall the
original definition of M, which can be written as

M=1-uS—vS(1—uS) 'vS
=(1-puS—vS)(1+(1-uS) vS)
= (1 —pS —vS)(1 — uS) 11 — uS +vS).

Thus if it is shown that (1 — uS — vS)w = 0 implies w = 0, then Mw = 0
implies w = 0 as well. Assume therefore that

w = puSw + vSw

for some w € LP. From the assumption that p and v are in Cy we see that
w has compact support and hence lies in L. Now we have the estimate

/W — / St + vl < /(!uHSwI T wIISE)? < k?/w%

from which we see that w = 0 as wanted. Thus M has trivial kernel.

We finally get that T" and R from before are well-defined, and hence for
each h € LP we find a solution w € L? to (1 — uS — vS)w = h. Since in the
process we actually proved that 1 — uS — vS has trivial kernel, this operator
is now known to be invertible for every p > 2.

Now to extend this to L? for 1 < ¢ < 2. Consider again two bounded
operators T', R’ : LP + LP. Then

[T f,hy + (R f,h)
is a continuous linear functional on LP, so there exists w € L9 such that
(T'f,h) + (R f,h) = (f,w) (4.9)
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for all f. We would now like to determine 7" and R’ so that (4.9) implies
that

<fa(17/$87y§)w>:<fvh>

for all f € LP. We use the symmetry properties of S repeatedly to calculate
that

So we must have that

X
I
—_

R(1-8Su)—-T'S v =0
T'(1-Sp)— RS '

From the first equation we get R’ = T" S—1v(1 — Su)~! and plugging this in
the second one gives

Thus we are again at a question of invertibility. Note the analogy with the
basic Beltrami equation: To solve it in LP we had to invert 1 — uS and to
solve it in LY we had to invert 1 — Su. We first calculate that

1-Sp—S w1 —8Sp) 'S v=1-8u—-Sv(1 -8 'n)~'s v. (4.10)
As with proving the invertibility of 1 — Su, we conjugate M with S to get

SMS ' =81 —uS —vS 11 —as Hws)s™!
=1-Sp—-SvSta-uasH v
=1-Su—-Sv(S—n)'v
=1-8pu—Sv(1-8'p) s v

Now we are done, since the last expression only differs from (4.10) by a

replacement of v by 7. Thus even our generalized equation is solvable in L
for 1 < p < o0, as long as there is sufficient global regularity for p and v. 0O
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4.2 Ellipticity

We now briefly turn our attention to the concept of ellipticity that previously
manifested itself as the conditions ||u||lcc < 1 and |||y + |¥|||cc < 1. For
a more ample discussion of the subject see [AIM09], Chapter 7. Ellipticity
itself is a property that is satisfied by specific differential operators

olal
=3 A

|| <m

acting on functions of k real variables valued in a space E which for us will be
R™ or C™. The coefficients A, are at the moment constant real or complex
matrices. Such an operator is said to be elliptic if the so-called principal
symbol

P)= > (“Aq:EmE

la|=m

is invertible for all ¢ € R¥\ {0}. In the case where the matrices A, are
allowed to depend on the variables z1,...,z; one has to be more careful.
We say that two elliptic operators

Lo= Y Ademi—ar oo and L1 = A)mm——ar 7
la|<m la|<m

are homotopic if for all a there exist continuous maps A, from [0, 1] to either
the space of real or complex matrices such that A,(0) = A%, A, (1) = A}

and the operator
ol
Ly = ZA 3a1...agk

la<m

is elliptic for all £. Now we define that an operator with variable coefficients
Hlal
L= Z Aa(.’L'l, e ,l’k)w
1 k

is elliptic if the operators with constant coefficients

0 0 gled
- Z Aa(zy, - ’xk)aal...aak
la|<m 1 k
are elliptic and lie in the same homotopy class for almost every point x =

(:U(l)v' o 7$2) € Rk

Let us first actually verify that this definition of ellipticity does not con-
tradict the examples seen before. We prove a general fact: if M and N
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are complex n-by-n matrices depending on some complex parameter z that
satisfy the almost everywhere bound |[M(2)|| + [IN(2)|] < k < 1 (here || - ||
denotes the operator norm) then the operator

L=0;— M, — NI,

acting on functions from C to C" is elliptic. Going back to real coordinates
L may be written as

c:%u—M—N)aﬁ%(HM—N)ay,

so we vill have to verify that the principal symbol
Po(G1 ) = 51 [1 = M(2) — N(2)] + 3G 1+ M(2) — N(2)
= 5 [~ TM(2) — N ()]

is invertible for all { = (1 + (o # 0 and almost every z. This follows from
the estimate

1
1P(Cu G)oll = S (I¢Iol = [SHTIME) ol = [CHIN ()] ])
> ’g‘(l — [[M@) = [IN ()]
<]
> ?(1 — k)|v|.
Now it remains to note that the operators

Lo = %(1 — M(20) = N(20))0s + (1 + M(z0) = N (20))0,

2
and ] ,
L1 =5 (1= M(z1) = N(2)0s + 5(1+ M(z1) = N (21))9,

are homotopic via the elliptic operators £, = tLy + (1 — ¢)L1, which shows
that £ is elliptic as claimed.

Remark. The assumption |[[M(z)|| + [N (2)|]] < k < 1 could have been
replaced with the weaker condition that [|[M(2)|| + |[]NV(2)]| < 1 holds for
almost every z. It is customary to call the case where the stronger condition
holds uniform ellipticity and the case when only the weaker one holds degen-
erate ellipticity. As previously seen the uniform bounds have been crucial
in the proofs of the invertibility of certain operators, which is why we will
mainly focus on uniformly elliptic operators in the future.
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4.3 Higher dimensions

We now seek to extend the previous theorems to a higher-dimensional setting.
What we increase in dimension is, however, not the domain but the range of
our functions: We consider maps

=, fn): CC"

whose components are measurable and whose LP-norm defined by

It = ([ |f<z>pdz)’1’ (4.11)

is finite. This space is denoted by LP(C,C") as discussed in the appendix.
We may then identify LP(C,C™) as the direct sum of n complex LP-spaces,
since the taxicab norm

n
1 fllpes = > [ fall
k=1

defined in the usual direct sum construction is easily seen to be equivalent
with the norm defined in (4.11) by a few elementary inequalities. Thus in
particular LP(C,C™) is a Banach space.

Let M = (pi;) and N = (v;;) denote two n-by-n matrices whose coeffi-
cients are complex-valued Cp-functions. We also assume a form of uniform
ellipticity: If || - || denotes the matrix operator norm, define

[|M]loo = esssup,¢c [[M(2)]]

for any n-by-n matrix M of measurable coefficients. Then our standing
assumption is that ||M]||ec + |[N]|eec < 1. Our aim is to solve the equation

fz=Mfz=h (4.12)
and its generalized version
fg—Mfz_Nﬁ:hv (413)

where the complex derivatives are defined componentwise. Note that the
second equation again covers the case fz = H(z, f,), where H is linear in
the second component. Our ellipticity assumption, however, is much stronger
than requiring an uniform bound on the operator norm of H(z, ).

Observe that if we also define an analogue of the Beurling transform
componentwise as Sf = (Sf1,...,Sf,) then these two equations may again
be reduced to the invertibility of the operators

1-MS and 1—-MS-NS,

where the second one is really just a real-linear map instead of a C-linear
operator on LP(C,C"™). The following theorem will be proven
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Theorem 4.7. Let M and N be as before. Then for any 1 < p < oo the
operators

(i) 1—-MS
(i) 1—MS-NS

are invertible on LP(C,C").

We will have to verify first that n-dimensional versions of the auxiliary re-
sults we used in the previous subsection still hold.

To start off let us concern ourselves with the boundedness of our operators
in question. Note the estimate

18 f]], = ( / \M(z)f(Z)\”dZ>p < 1Mool Il

for f € LP(C,C") and M a n-by-n matrix of measurable coefficients. This
shows that each matrix bounded in the norm || - ||o naturally defines a
bounded operator on LP(C,C") as expected.

Given any bounded operator T on LP and its componentwise defined ana-
logue 7 on LP(C,C"), we easily find the estimate ||T f|[p.taxi < ||TIpl|f]]p,taxdi
which by the equivalence of norms implies the estimate

1T Fllp < ConllTllpll flps

for some constant C,, depending only on p and n. Especially this shows
that Theorem 4.4 carries over to the higher-dimensional setting:

H‘Sme < Bp,n(l + m2) (4.14)

for any integer m and B, ,, only depending on p € (1,00) and n € Z,. Note
that the identities S™1f = Sf and ||Sf||2 = ||f||2 also hold for our compo-
nentwise definition. We hope that the fact that we denote by S both the
n-dimensional and the bagic version of Beurling transform causes no confu-
sion.

The compactness of certain commutators played an important role in the
solving of the basic and generalized Beltrami equations before. We use a
sequential argument to show that there is no trouble generalizing this for
commutators of & with matrices of V M O-coefficients. Given a function f,
note that for M = (m;;) a n-by-n matrix we have that

[SvM]fZSMf_MSf: (gla"'v.gn)a
where g = > L[S, muifi. Now given a sequence (fN)) ¢ Lr(C,C™)

m
with norms |[f(V)]|, < 1 for all N, it suffices to verify that the sequence
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([S, M]f™)) has a subsequence converging in LP(C,C"). Note that if the
coefficients m;; are assumed to be in VMO, then by Theorem 4.2 and the

estimate ||fi||, < ||f]lp < 1 each sequence ([S,mkl]fl(N)) has a convergent
subsequence in LP. By passing to a subsequence sufficiently many times we
may assume that each of these sequences converges in LP. But then it is clear
that the sequence ([S, M]f®)) can be written as a finite sum of convergent
sequences in LP(C,C"™), so that it converges itself and we are done.

Since Fredholm theory also applies to any Banach space, we are now ready
to start solving equations (4.12) and (4.13). The proof of the invertibility of
1 — MS is similar enough to the one-dimensional case that we will only give
a sketch of the main points:

Let p > 2. To prove that 1 — MS is Fredholm on LP(C,C"), we again

write
N—1

1-MS)Y MSrk=1-M"SN + K,
k=1

where K is a sum of multiples of [S, M] and thus compact. The estimate

|MNSN|, < [[M]]Y Bpn(1+ N?) again shows that 1 — MNSY is invertible

for some N and thus our operator is Fredholm. Replacing M by tM for

t € [0, 1] yields that the index is zero, and if w is to solve

w = MSw,

then the compactness of the support of each coefficient of M implies the
same for each component of w. Thus w is in L?(C,C"), and the estimate
llwll2 < [IM||so]|w||2 shows that w = 0, i.e. the kernel of 1 — MS is trivial.
We conclude that 1 — MS is invertible, and so is 1 —SM = S(1 - MS)S~ L.

One might have doubts whether the dual of LP(C,C") is L%(C,C"), but
these are quickly diminished by the following basic result

Theorem 4.8. Let Bi,...,B, be topological vector spaces over the same
scalar field K, and let B, ..., B} denote their respective duals. Define also
B =@;._, Bi. Then it holds that B* = @,_, Bj.

Proof. Assume that we are given a linear functional £ : B — K. We may
then construct continuous linear functionals £y : B — C by mapping

[ Fe(f) = LEL(f),

where Fj(f) has k:th component f and other components zero. If now
b= (b1,...,b,) € B is arbitrary then

Lh=L> Fulby) = Lib.
k=1

k=1
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Now it is easy to see that the map B* — @,_, B; given by £ — (L1,..., L)
is an isomorphism, and thus we have our desired result. ]

From the previous theorem it follows that the duality (LP(C,C™))* = L4(C,C"™)
holds, and we note that the same proof of extending the invertibility to
1 < g < 2 works even in the higher dimensional setting due to its purely
algebraic nature. We are now done with (i) in Theorem 4.7.

We now invert the real-linear map (ii) in Theorem 4.7. The trick is to simply
think of LP(C,C™) as a real Banach space instead of a complex one, so that
the familiar results of Fredholm theory apply. Note that commutators of M
and N with S are compact, but for S this might not be the case. Luckily
the problem is just a matter of conjugation, since we have the identity

MSf—SMf=MSf—SMJf

and hence the operator M S—SM is compact for any M of V M O-coefficients.

We again first assume that p > 2. Denote for convenience My = M,
Mi =N, S =8 and S; = S. If we also define by Q,, = ZL:_Ol (MopSo +
M S81)F the partial sums of the Neumann series for MSy + M1S; we find
that

Qm(l — MpSp — M151) =1 — (MpSp + M151)™

=1— > MgSa - Ma,Sa,
ac{0,1}™

=1 Y M M Say o Say + K,
ae{0,1}™

where K is compact and we have used the notation Mgik to denote either
M,,, or M, , depending on how many times we have to swap S; M, with
Mg, St

To show that 1 — MpSg — M18; is Fredholm it again suffices to show
that the p-norm of the second term on the utmost right hand side above
decays to zero as m — oo. We therefore seek to estimate the norms of the
products Sq, - - - Sa,,, Or equivalently the norm of a product of m instances
of S and S. From the identity Sf = S—1f it follows inductively that

IS¥SFllp = ||SF1S-1Sf|], = ||S* 2825 f],
= = |87 fllp = IS £l

for any integer k. This shows that the norm of any product of the operators
S and S may be unraveled to produce the norm of a power of S, for example

1SSSSSS||, = |IST'SSS]|, = IS*SS]], = IS72l;-
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And it is clear that the resulting exponent is always at most the number of
original factors, so in view of Theorem 4.4 this results in the estimate

HSal o 'SOCWHP S prn(l + m2)

We now see that

S MR MBS, Sa

ae{0,1}m »
< Bpa(l4+m?) Y [IMap" - M |l
ae{0,1}m
< Bpn(1+ mg) Z [[Mailloo -+ [[May, oo
ac{0,1}™

= By (1 +m?) (|| Mollso + [|M1]l)™,

which indeed tends to zero as m — co. The result is that 1 — MS — NS is
Fredholm. We can also prove in the same way as before that the index and
kernel are both zero, which shows that 1 — MS — NS is indeed invertible on
LP for p > 2.

Let then 1 < ¢ < 2. We aim to do the same type of duality argument
as before, but one should be careful to specify what we actually mean by
the dual in this case. As LP(C,C") is now considered a real Banach space,
it is most natural to define the dual (LP(C,C"))*® as the real vector space
of continuous linear functionals £ : LP(C,C") — R. Replacing complex
variables by real ones we see that LP(C, C") considered as a real Banach space
is isomorphic to LP(R?,R?") = (LP(R?,R))?". Theorem 4.8 now implies that

(LP(C,C™)*’ = LY(R? R)* = LI(R? R™).

Thus each continuous linear functional £ : LP(C,C") + R is uniquely rep-
resented by a function g € L4(C,C") with the duality pairing

f 9r
< RefkRegk—F/Imkamgk)

/ (fxGx)

Re / kzlfkgk

=Re(f,9).

I| 3 H

37



Let then h € L9(C,C") be given, and we will look for w € L9(C,C") such
that B

<f (1-MS-NS) w>R
for all f € LP(C,C"). Denote by C : LP(C,C

nentwise complex conjugation map, especially
functional £ in (LP(C,C"))*® by

B

— LP(C,C") the compo-
= CS. We define a linear

(f
")
S

Lf = <(1 —eSMTC — SN, h>R,
where the LP(C,C") invertibility of the operator
1-cSMTc—csN”
is due to the identity
1-CSMTC—cSN" =cs(1 - MTS - N'S)s1c.

Now there exists a function w € LI(C,C") such that Lf = (f,w)y for all f.
Especially we find that

(f,(1=MS =NS)w), = (f,w)p — Re (f, MSw) —Re (f,NSw)

— (f,w)g — Re (MTT, Sw) — Re (N f, 8w)
= (f,w)g — Re (SMTF, @) — Re <3NT f, w>
= (f-SMT]-SN" fw >
<(1 —eSMTC — SN )f,w>R
= (f,h)g

as wanted. Thus Theorem 4.7 is proven. O

5 Quaternions

Let us now generalize the theory of the Beltrami equation in a different
direction. We will concern ourselves with the four-dimensional algebra H
over the reals, called the quaternions. This algebra is just one property
away from being a field as the product happens to be noncommutative. The
basis elements, usually denoted by 1,4, j, and k, will be denoted by ey, ea, e3
and ey4 for convenience. The following multiplication table fixes the product
in H.
€1 e ez €4

€1 e €2 €3 €4

€2 | €2 —€1 €4 —€3
€3 | €3 —€4 —€1 €2
€4 €4 €3 —€2 —€]
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where each entry stands for the product of the corresponding elements of the
first row and first column, in that order. The usual identification of H with
R* also lets us define the usual Euclidian norm |-| on H. Defining for a quater-
nion h = h161 + h2€2 + h363 + h4€3 its conjugate E = h161 — h2€2 — h363 — h4€4
we find the nice property hh = hh = |h|?.

We introduce some additional notation for convenience. Given two ordered
quadruplets a,b € H* of quaternions we define the componentwise product
by

a-b=aiby + asbs + azbs + asby.

Let us make some additional notes about this convention.

e The standard basis can be thought of as the quadruplet e = (e, ea, €3, €4).

4
m=1

e We associate with each quaternion h = ) hmenm the quadruplet

Qn = (hi, he, hs, hy) so that h = Qy, - e.

e Conjugation of a quadruplet a € H* is defined componentwise, i.e.

a = (a717a727a73aa74) Note that a - b :Ba

Let now a map T : By +— By be given, where B; and By are some classes
of functions from R* to C. We may generalize the map T to functions
f : H+— H whose components are in By by defining

Tf="T(fler+ fea+ fles+ fles) = Tfler +Tflea+ T f2e3+Tfley. (5.1)
This definition enjoys the nice property that
T(F-¢)=TF-¢
for any ¢ € H* and F : H — H*, where TF is defined componentwise.

Remark 5.1. Note that we have made a choice in the above definition:
Due to the lack of commutativity we could as well have defined Tf =
an:l e f™. This notational choice will reflect itself virtually everywhere,
which is why the theory splits into ‘left’- and ‘right’ theories depending on
which side one writes the basis elements in (5.1) respectively. Although we
will work with the ‘right’ theory, the ‘left’ theory is not wrong either and
is preferred in most of the papers on the subject [K&dh00|. Nevertheless, if
one writes each following quaternion product in the reverse order we obtain
results for the ‘left’-theory and vice versa.

In our quest to generalize the Beltrami equations to the quaternionic setting
we must first find analogues of the Cauchy-Riemann complex derivatives 0,
and 05. However, due to the sheer amount of viable choices of differential
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operators we first look at the situation in all generality. Given ¢ € H* we
define its associated differential operator 0y by

Opf =Vf-¢= ghfl(bl + 88}{2@ + 88}5;% + gfi¢4~ (5.2)
Unfortunately, this differential operator fails to satisfy the Leibniz rule since
0s(fg) = Zizl(af/ﬁhk)ggbk + fOpg. As in the complex case, we can use
these operators to obtain factorizations of the four-dimensional Laplacian
as 2A = 040y = 0y0y for any ¢, satisfying the orthogonalty condition
¢i¢j + %% = 2(5@' for all 1,7.

A natural follow-up question would of course be to ask if we could also
generalize the Beurling transform S to obtain operators Sy, for which the
identity Sgy0sf = Oy f would be valid for sufficiently nice functions f. We
look for a solution by considering the associated Fourier multipliers, where
the Fourier transform is generalized via Definition 5.1 (or equivalently f &) =
Ju e~ 2™ ) f(h)dh). When speaking of Fourier multipliers, however, one
must be cautious due to the fact that we are in a noncommutative setting.
As the Fourier transform fof f is quaternion-valued we will have to make
a distinction between factors on the left and right sides of f, leading to left-
multiplier operators and right-multiplier operators respectively. An operator
which has both a left- and right-multiplier is also plausible. An example of
this is seen by calculating the multiplier of the differential operator 9, as

T () = (VF-6)(©) = (5;5{25,{35};;) 6= 2mif(O)(Qe-0). (53)

This shows that Sy is to be given by the equation

S (€) = F(€)(Qe - 6) Qe - ¢) = f(f)féf_'fl(& ). (5.4)

To achieve some form of symmetry we make the following standing assump-
tion about ¢ (and v):

Qe - ¢ = |¢| for all £ € HL (5.5)

This holds for example if ¢, = *e;,, and is satisfied precisely when the
components of ¢ satisfy the orthogonality condition Re(¢.,¢;) = 9,y for all
m and [. Since equation (5.4) now becomes equivalent with

Sonf(6) = f@)%fww

we are invited to look for an operator with right-multiplier (Q¢ - ¢)/|¢| for
given ¢. An immediate solution is provided by the four-dimensional Riesz
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transforms R,,, m = 1,2, 3,4, with left-multipliers —i&,,/|£|. Given the four-
dimensional vector-valued Riesz transform R = (Ry, Ro, R3, R4) and ¢ € H*
we define the operator R - ¢ by

(R-0)f = (Rf) - ¢.
Its Fourier multiplier is then given by

<we¢ﬁw@y—/75'v—%ﬂ®(§V§7§fZ>*W‘%ﬂQQE¢

We claim that Sy = —(R-1)(R-¢) now gives the desired operator. Indeed,
(Spudsf)" (&) = —((R-¥)(R - $)0sf)" (&)
— (R 0u1) O LS
— Qe 9 Q¢ Y
HOTd T

~

(6)(Qe - ¢)(Qe - &)1 (Qe - ¥)
£).

I
QD

wif
Opf
Thus the identity
Spp0sf = Oy f
becomes valid for f € C§°. As the Riesz transforms are known to be bounded

from LP(R%,C) to itself for 1 < p < oo, we also get for free that our operator
Sy + LP(H,H) — LP(H, H) is bounded.

5.1 LP-theory of the integral operators

In this subsection we will encounter a few convolution-type integral opera-
tors. But before we begin with the theory it should be noted that the usual
convolution formula for the Fourier transform fails in the quaternionic set-
ting. If we are given any f, g : H — H, then we may write f = a 4 beg and
g = ¢+ des, where a, b, c and d are complex-valued. It follows that

u*mmw34fwmm—wmw

= /H(a(w)c(h —w) +a(w)d(h —w)es
+ b(w)esc(h — w) + b(w)ezd(h — w)esz)dw

= [ atwleln —w)s+ [ a(w)d(h - wesde

H

+ /H b(w)c(h — w)esdw — /H b(w)d(h — w)dw

= (ax*xc)(h)+ (axd)(h)es + (bx¢c)(h)es — (b*d)(h).
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If we use the notation F(h) = F(—h), then
m =ac+ ac/l\eg +/b\;6\63 —/bE = 6(E+ &\63) +/b\€3(/5\+ &63) = @+B€3§.

One may verify that f/;k\g = fﬁ now holds for example if g is an even func-
tion or f is complex-valued.

We begin by finding for each of our partial differential operators 0y a corre-
sponding inverse operator Ty which satisfies

pTof =Ty0sf = f
for sufficiently nice functions f. We might as well assume that f lies in C§°
for a moment. The operators Ty happen to be represented by the integrals

T¢f 22/f Qhw¢

|h — w|4
To justify that this gives an actual inverse to 9, on Cg° we refer to the fol-
lowing general result found in [Ste70]|. To save the reader from a painstaking
hunt for a sign error, we remark that Stein uses a definition of the Fourier
transform that differs from ours by a minus sign.

Theorem 5.1. (The Hecke identities). Let Py(x) : R™ — C be a homogenous
harmonic polynomial of degree k > 1. If 0 < a < n, then the integral
operator R given by

Riw) = [ 1y

is on L? represented by the multiplier

Pr(§) + I'(k/2 + o/2)

= o _ (k. n/2—a
Rf(§) —'Vn,k,a|£|k+af(§)> where vy, k.o = (—1)"r L(k/2+n/2—a/2)

In our case we have n = 4, and to apply this theorem to Tjy we must set

k = o =1 so that v, ;o = —im. Observe that any polynomial of degree one
is harmonic. Thus

Tf1© = (~5rs / =20 @




Comparing this with (5.3) shows that T}, indeed gives an inverse to Jy on
C§°. Note also the identity Sy f = 0yTyf. The operator T, usually carries
the name Teodorescu transform in the literature, see e.g. [GS98|, which is
why we will opt to use this name for our operators Ty as well.

We would of course like to pass these kinds of identities to the setting of
weak (i.e. distributional) derivatives. Since in general the Leibniz rule fails
for the differential operators 0y, we will have to think about the definition
of weak Jy-derivatives for a moment. For f, g € C§° we may compute that

/}H(8¢f>gzéﬂk§jlgf£ ——/meah - [ soba.

where leg = Z?Zl ¢;0g/0h; denotes the ’left’-theory analogue of the differ-
ential operator 0y, see Remark 5.1. Consequently we are led to define that
f € L} has a weak 9,-derivative 9, f € L} . if for all g € C§°

[ @er1g =~ [ 12

holds. We now collect some related results in the following theorem.

loc

Theorem 5.2. Let ¢, € H* be orthonormal bases (i.e. satisfying 5.5) as
usual. Then we have that

1. The Teodorescu transforms Ty have the following mapping properties:
Ty: L' L3
Ty:LP > Lis for1<p<4
Ty: L*— VMO
T¢:Lp»—>017% for 4 < p < o,

where LY3% denotes the weak-LY3 space and C® is the space of Holder-
continuous functions of exponent a.

2. The operator Sy has the (almost) Calderdn-Zygmund integral repre-
sentation as

|h - w|2$ : ¢ - 4(Qh—w : 6)(Qh—w . ¢)
2%2/f |h — wlb

Sy f(h dw+%f (h)p-1p.

(5.6)

3. Let us define the operators Té and Séw by

1 w
1300 = 51 [ B oy
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and

L \h—w!2¢-$—4(Qh7w'w)(thw'@

o Jy |h — wl0

s (h) F(@)dert (03)(h).

Then we have the identities

/H(T¢f)g= —/HfTég and /H(Swf)g:/Hfo/,(bg
valid for f,g € C§°.

4. Let f be locally integrable with the distributional derivatives Oyf and
Opf in LP for some p € (1,00). Then we have the identity

Sou0pf = Oy f-

Proof. Proof of 1. We remark that our proofs of these mapping properties
for the Teodorescu transforms Ty follow the same lines of thought as the
proofs of the analogous facts for the Cauchy transform in the plane, with
our source being the book [AIMO09]|. The first two of our claimed mapping
properties are special cases of the Hardy-Littlewood-Sobolev theorem on
Riesz potentials, see [Ste70], page 119. In short, we have that for 1 <p < 4

|l sas
R4

< B[ flp
_4p

4—p

for some constants E,. In addition, the mapping property T : L' s LA/3w
follows from the so-called weak part of the same theorem.

We now prove that Tj, : L* — VMO. By translation and rescaling it will
be enough to estabilish the bound

/B Tyg(r) — (Tyg)sldr < cllglls

for some constant ¢ and all g € C§°. Here (T,g)p denotes the integral
average of Tyg over the unit ball B = {h € H : |h| < 1}, which we will have
to compute. First we use Fubini’s theorem to find that

2 1 Q —w ¢ 2
(Tog)e = /Hg(h) (2772 i Mm) dh = —— /Hg(h)quXB(h)dh.

This leads us to calculate the Theodorescu transform of the characteristic
function of the unit ball. Define the auxiliary function

_ (Q '5)/47 heB
Golh) ‘{ (On-3)/(AIKY, heH\B -
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It is then only a matter of calculation to show that J,G4 = Xg, yielding the
identity

(Ts9)r =—/ 2 g(h)Qh ¢dh

s H\B 4|hJ*
Hence

Tog(r) ~ (Ta)s = 51 [ o) (L2045 ai

Qrn- ¢ Qn-o
}”(h—hﬁ+ m%)d”

272 Junp

Let us define another auxiliary function ¥ by

o Jy | B2+ Qu - Fdr, heB

W(h) = _
oz Jp | L=t + Q| dr, heH\B

After we show that U is in L*3, we may apply Hélder’s inequality in the
form

‘/uw Tw>wf</uz|w<wm<nmmwmw

which yields the result. Let us thus prove that ¥ € L4/3. Since the function
|h|3 is locally integrable in H, it is not hard to show that W(h) is bounded
for small h. Thus it will be enough to prove that W(h) = O(|h|~*) for large
h, say |h| > 2. We compare the integrand in the definition of ¥ to |h|~*
obtain the estimate

QT h* ¢ Qh
h4
=R T A

= |In*(Qr—n - &) + |7 — h[*(Qn - &)| IT — h[™*

= |Ih[*(Qr - ¢) + (I = hl* = |h*)(Qn - &)| IT — A~
S e e e e e (N ey e

Given |h| > 2 and |7| < 1, we may find a uniform bound for the last ex-
pression since we have |7 — h| > |h|/2 and ||7 — h| — |h|| < 1. The claim
follows. .

Let us then move onto the last claim T : LP — C'r for 4 < p < 00.
It is required to show that [Tyg(h) — Tyg(w)|/|h — w|['=4P < F,||g]|, for
some constant F, and all functions g € LP. As the Teodorescu transforms
are given in terms of convolution they commute with translations and hence
we may assume that w = 0 without loss of generality. Now the required
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condition will follow from the estimate
T(Z)Q(h) - T¢g(0) 1 1 / Qh—w ' ¢ Qw : ¢
d
AN o v

R[4p T 2m2 |[|i4/p
] p=1
Qnow ¢ Qu- 0|71, \7
=t Tl

1 4-p
< el (/H\hw
p—1

1 H= v
p— p

= — O(h,w)|r-1 dw

ol (/H . - 0(0.) )

3p_
~ W[

-1

1 NG v
p— p
= ‘271_2 Hng (/]HI | 3p 3271 |¢(h7 h’T)‘pfl dT)

1 —7|p=T|7|r-1
h h )
Q| —,—7
<|h| I

sl | [ ——
= -—llg
2w \JB |1 o

where _ B

®(h,w) = (Qu - 6)(Qu 0)" + (Qn-w - ) (Qn-w - 9)*.
It remains to show that the integral on the utmost right hand side remains
finite and bounded in terms of h. Since p > 4 we have that 3p/(p — 1) < 4,
so the singularities at 7 = 0 and 7 = 1 may be overlooked. What is crucial
is the behaviour of ®(h/|h|, (h/|h|)T) when 7 is large. It will be enough to
prove that ®(h/|h|, (h/|h|)T) < M|r|? for |7| > 1 and some constant M not
depending on h, since then our integrand is of order |7|?/(P=1) /|7|6p/(P=1) —
|7|=4/(P=1) | which is integrable in the region {7 : |7| > 1}. But

hn N_ 1 5 . 3?2
v <|h’7h‘7_> - |h’3(Qh7’ ¢)(Qh7 ¢)

+ |h1|3(Qh ¢ — Qnr - 9)(Qn - b — Qnr - )%,

and if the second term on the right hand side is expanded, we find that the
first term cancels out. The rest of the expression only contains terms which
are comparable to 72, 7 or 1, so we are done. Hence we have constants F,
so that the estimate ||Tyg||c1-4/» < Fpl|g||p holds when 4 < p < oo.

Proof of 2. The reason for this curious representation is that the poly-
nomial (Qy, - ¢)(Qp, ) fails to be harmonic in general. A simple calculation,
however, shows that

h|*¢ - — 4(Qn - 0)(Qn - ¥)

is harmonic. Thus if F' denotes the right hand side of (5.6) we find by
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Theorem 5.1 that

13(5):724;50 A(g)\fl by — 4|(§’22§ 6)(Q¢ - ¥) if(g)gw
0 Qe 9)(Qc )
=IO g
= Spy [ ()

as wanted.

Proof of 3. These two identities are consequences of the fact that Tj
and Sy have convolution-type repesentations. There should be no trouble
formalizing the calculation

[ Totgn = 5z [ )= ¢ g(h)dw
27r2// Q“ hh|fg(h)dhdw

- /H f(w)T¢g(w)dw

and the analogous one for Sgy.
In the sense of Remark 5.1 we actually see that T(; is the ‘left’-theory

analogue of the operator Ty, i.e. it inverts left-derivatives 8(;. In the same
sense SlEg is the ‘left’-analogue of the generalized Beurling transform. These
operators naturally inherit the same mapping properties as their ‘right’-
analogues. Especially the identity [(Sgyf)g = [ fSlaag may be generalized
tofelPandge L 1/p+1/q=1.

Proof of 4. Let g € C§° denote a test function. The claim will follow
when we verify the identity 8l S L 9= 8& g (by comparing Fourier multipliers

for example) and compute that

(Sswdsf)g = [ (0s1)S539=— | J04S550=— [ fOhg= [ (0yf)g-
/ / -/ 2=

5.2 Spectral results

Due to various reasons we will need some information about the spectrum of
our operators Sgy : LP — LP. Note that Sy, is complex linear from the left

but not the right (i.e. Spy(Cf) = (Sgy f, but in general Syy (fC) # (Sepy f)C)-
This leads us to consider Sy as an element of the Banach algebra B, of

operators on LP(H, H) that are complex-linear from the left.
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Theorem 5.3. Let T be an operator in By represented by the right-multiplier

Tf(€) = F(&)m(e),

where m is a quaternion-valued function that s homogeneous of degree zero
and is in the class C3. Assume further that |m| = 1 almost everywhere. Then
T extends to a bounded operator on LP for 1 < p < oo and the spectrum of
T with respect to B, defined by

o(T)={¢eC: f—Tf—(f is not invertible on LP(H, H)}

satisfies

o(T)c{¢eC:|¢=1}.

Proof. The proof will rely on some knowledge of when multiplier operators
given on L? extend to bounded operators on LP. Namely, we will use the
Mikhlin multiplier theorem (see [Ste70|, page 96) which states that if there
exists a constant B > 0 such that

0%m

W(f) < B[l when |a] <3, (5.7)
1 4

then the operator T' given by the multiplier m on L?(R*) is extendable
to a bounded operator on LP(R*) for 1 < p < oo. Of course, this result
is originally not proven for quaternion-valued functions but by passing to
components one may generalize the result to our setting.

The assumptions that m is homogeneous of degree zero and in C? guar-
antee that the condition (5.7) is satisfied, and hence the operator T as given
in the theorem extends to be bounded on LP. The same can be said for the
operator T~! which, by the condition |m| = 1, is given by the right-multiplier
m.

For our claim about the spectrum of 7" we have to prove that the operator
T — ( is invertible whenever |(| # 1. Let us begin by noting the identity

(T-Q ™ =O=T" =T =¢) =1+ = (T+T7,

which shows that it will be enough to estabilish the invertibility of the op-
erator 1+ (%2 — (T +T~1). Working first on L?, we calculate the multiplier
of this operator by

(L+ ) f = CTF+TNNE) = (1 + ) FE) — CFE)(m(€) +m(©))
= ((1+¢%) — 2¢Rem(€)) f(€),

Due to this representation it will be enough to prove that the operator on
L? given by the left-multiplier

m¢(€) = (1+¢%) = 2¢Rem(€)) ™"

48



extends to a bounded operator on LP for 1 < p < oo. Observe that the
multiplier m¢ is again homogeneous of degree zero, and will be in C3 as soon
as we show that (1 + ¢?) — 2( Rem(€) is nonzero. Supposing m vanishes
leads to the equation

¢l +¢=2Rem,

which would imply that the quantity ¢! + ¢ is a real number. It is easy to
check that this expression is real exactly when || = 1 or when ¢ € R. In the
latter case we find the estimate

¢+ ¢ > 2> 2[Rem],
yielding a contradiction and hence our claim. O

Remark 5.2. The true value of this theorem is that it implies the spec-
tral radius of the operator T to equal one. By the spectral radius theorem
this further implies that lim,_, HT”Hl/n = 1. Now given ¢ and 1 that
satisfy the orthonormality condition (5.5) we see that the right-multiplier
(Qe - 9)(Qe - ¥)/|€? of the generalized Beurling transform S, satisfies the
conditions imposed on the multiplier m in the previous theorem. Hence the
statement of the theorem remains valid for Sy, in place of T'.

Note also that it was the right choice to consider the spectrum of Sy, with
respect to left-multiplication by complex numbers, since Sy, was only com-
plex linear from the left. One might be skeptic as to whether there is any
value in calculating the spectrum with respect to right-multiplication, but
we have done it nonetheless. In fact, we conjecture the following result to be
a consequence of a general solvability result for quaternionic Beltrami-type
equations, but have only been able to prove this special case.

Theorem 5.4. The right-spectrum of Sy
0" (Sgyp) ={C € C: fr Spyf — fC is not invertible on LP(H, H)}
satisfies
0" (Sgy) C{¢eC: (| =1}
Proof. Let us first solve the equation
Oyf —0sfC =H,

where we assume that ¢ is a complex number with |(| # 1. For simplicity
let us assume H € C§°. The idea is to make the substitution f(h) = g(Lh),
where L = (L;;) is an invertible 4-by-4 real matrix that is chosen so that
this reduces to the equation 0.g o L = H. Let us first compute

4 8 4
Ouf(h) =" = =2 84 Lyt
=1 j=1
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From this it follows that
4 9g 4
Opf — 0 fC = ETA L) (Z Ljii — ijﬁz() :
j=1 " i=1
We would like the last expression to equal d.g(Lh), or equivalently
4
> Liiti — LyiiC = ¢
i=1

for j =1,...,4. Write L7 = (Lj1, Lj2, Ljs, Lja) so that the above becomes
L= (L ¢)C = ej.

That each of these equations has a solution L7 now follows from the fact
that the linear transformation R : R* — H given by

Rz =z-v¢—(z-9)¢

is injective since |¢| # 1 and thus surjective as well. Note also that by the
construction R o L is the identity map and thus L is invertible as well. We
have shown that the equation Oy f — 0y f¢( = H is equivalent to (O.g)oL = H
and hence to d.g = H o R. This we can solve when H is nice enough, as a
solution is given by g = T (H o R).

If one now wants to show that the right-spectrum of S4y on LP is con-
tained in the unit circle, it is enough to show that the operator = = =(¢, ¢, ()
given by

Ew = Spypw — w(

is invertible on LP for all { € C with |¢| # 1. We will actually compute the
inverse of this operator. It will be useful to think of this as solving

Spypw —w(=H (5.8)

uniquely for w and for each H € LP. Assume for a moment that H € Cg°.
Let f denote the corresponding solution to 0y f — 04 f¢ = H. Then w = 9y f
solves (5.8). We now write 0y f as a bounded operator of H, which is justified
by the fact that f is constructed in terms of H. Recall that

4
0 =3 (GiLor) o
j:

where g solves J.g = H o L™'. We now express each partial derivative
0g/0h;j in terms of bounded operators of J.g. This may be done for example
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by defining the quadruplets

p1=1(1,0,0,0)
p2=1(0,1,0,0)
p3 =1(0,0,1,0)
ps=(0,0,0,1)

so that 0g/0hj = 0p,9 = Sep;0eg for j = 1,...,4. Note that these quadruplets
do not satisfy the orthogonality condition 5.5, but that this was not necessary
to define the Beurling transform. Especially we find that

6¢f:i<(,igjoL> (L7 - ¢)

So if T¢ denotes the operator given by the change of variables T¢g(h) = g(Lh)

then
4

== Z T¢Sep, T, H)(L - ¢) (5.9)

at least for H € C5°. Now we may generalize this identity to H € LP by
density and the boundedness of the operator on the right hand side. We
have proven the right-invertibility of =. The left-invertibility may be proven
by arguing that the operators

4
2(H) and > (TeSep, T H)(L - 9)
j=1

are represented by right-Fourier multipliers and by (5.9) these multipliers
are mutual inverses. Thus these two operators commute. O
5.3 Quaternionic Beltrami equations

Let us now state and solve our generalization of the complex Beltrami equa-
tion: The equation we solve is

9yf (h) = p(h)dy f(h) + H(h),
where H € LP(H, H). This may again be reduced to the equation

w(h) = u(h)(Spp)(h) + H(R). (5.10)
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Here p is a quaternion-valued function, and we identify p with the operator
defined by left-multiplication by p. This reduces (5.10) to the invertibility
of 1 — uSgy. The strongest assumption we will invert this operator under is
that 4 is a compactly supported function in VMO with ||p]lec = k < 1.

Of course, we again need a compactness result for the commutators of u
with Sgy. Recalling the original definition of Sy,

Spp = —(R-¥)(R - 9),

it would be enough to verify that commutators of VM O-functions with the
four-dimensional Riesz transforms are compact. This is indeed true, and
it is proven in the exact same way as Theorem 4.2. We skip the proof for
brevity, and instead refer the more curious reader to the original article by
Uchiyama, [Uch78|, where the same result is proven for general Calderon-
Zygmund integral operators.

Recall once more that the proof of the invertibility of the basic Beltrami
operator consisted of

e Forp > 2:

1. Showing that our operator is Fredholm by a Neumann-series type
argument.

2. Continuously deforming our operator to the identity to show that
the Fredholm index is zero.

3. Applying a L?-estimate to show that the kernel is trivial.
e For p < 2.

1. Verifying that the transpose on L? is invertible, and finishing by
duality.

Now for p > 2 the first step is essentially done, since by the compactness
result mentioned earlier the operators (uSgy)" and p™ &y are equivalent
modulo compact operators, and due to Remark 5.2 we find that for any
€ > 0 and large n the estimate [|SF,[|, < (1+ €)™ holds. Choosing € so that
k(1 +€) <1 shows that limp 0 |[1" S}yl = 0 as wanted. For step two one
replaces p with tu for t € [0, 1], and for step three we argue as usual. Thus
the case p > 2 is handled.

Remark 5.3. One might ask whether an analogue of Theorem 4.4 would
hold in the quaternionic setting, giving a polynomial bound on the growth
of the norms ||S7,[|, in terms of n and thus sparing us from finding the
spectrum of Sg,. We, however, find it unlikely that such an analogue would
be easy to prove as the proof in our source, [AIMO09|, was by itself quite
lengthy and relied heavily on the fact that the Calder6n-Zygmund integral
representations of the associated iterated operators were easy to compute.
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And as we have seen in part 2. of Theorem 5.2, the Calder6n-Zygmund
representations of the analogous quaternionic operators may be considerably
harder to compute due to certain polynomials failing to be harmonic and thus
making it harder to use Theorem 5.1.

Perhaps the most interesting step in proving the invertibility of 1 — Sy, is
the duality argument, for which we hence let 1 < p < 2. We consider for
simplicity the dual space of continuous linear functionals F' : LP(H, H) — R.
Note that by Theorem 4.8 it is clear that the dual is L9(H, H), with one
duality pairing given by

F(f) = (f.g) = Re /H f(h)g(h)dh

where ¢ is some function in L9. We now calculate the transpose of our
operator 1 — uSgy. In view of 3. in Theorem 5.2 and the identity Re hihy =
Re hohq we see that

Re [ (1= uSpu)f0g)dn = Re | fg—Re [ pSouts

=Re/ fg—Re/ Sey fap

—Re/fg 8L (g(W))).
—Re/fl—Slr ©)g,

where we have denoted by r(u) the operator given by right-multiplication
by p. Hence the transpose of 1 — uSgyy is

1 ol _ L L 1
1= 8yar(n) = S55(1 = r(W)S53)(S55)

and for the solvability of (5.10) it remains to argue that 1 — r(,u)SlE$ is
invertible on LY, ¢ > 2, due to the analogy between the ‘left’- and ‘right’-
theories.

For now, this concludes our study of the Beltrami equation in the quater-
nionic setting, and with it the whole thesis. But we believe that there is
much improvement and generalization to be found in the quaternionic (and
Clifford-algebraic) settings, at least as far as Beltrami equations are con-
cerned. Indeed, the study of Beltrami-type equations in this context is still
in its early stages, and the unification between the geometric point of view
and the equations still remains to be found. As a closing remark we would
like to note that the restriction to quaternions here was only for simplicity,
and that the results and proofs we have stated here should be equally valid
in the setting of general Clifford algebras.
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6 Appendix

6.1 Notation and definitions

LP-spaces. Let (€, ) be a measure space and E be a finite dimensional
inner product space whose norm we denote by | - |. For each p € [1,00) we
define the LP-space LP(§2, E) as the space of measurable functions f: Q +— E

for which the LP-norm
1
p
111, = ( / If!pdu>
Q

is finite. In addition, the space L*°(€2, E) consists of all essentially bounded
f:Q+— E, imbued with the norm ||f||cc = esssup,cq |f(z)]. As soon as
we quotient out the functions that vanish p-almost everywhere the spaces
LP(Q, E) become Banach spaces for all p € [1, 00]. For us 2 and E will simply
be instances of R” or C™, and when the context is clear we might write L
instead of LP(Q, E).

Holder conjugates. If p € [1,00] we always denote by ¢ its Hélder
conjugate, i.e. the unique number ¢ € [1, 00] such that 1/p+1/q¢ = 1.

Characteristic functions. Given a set E, the characteristic function
of E/, denoted by X, is defined to take the value 1 in F and 0 outside of E.

Test functions. The space of test functions, C§°, consists of all com-
pactly supported functions f that are smooth, i.e. admit partial derivatives
up to all orders. The domain and range of these functions will vary depend-
ing on the context.

Distributional derivatives. Given a locally integrable function f, we
say that another locally integrable function f; is the distributional derivative

of f with respect to x; if
/fm]g:_/fgCt]

for all test functions g (with the domain and range of f). The integral is
taken over the domain of f.
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